Abstract-Theory of scattering by conducting, lossy dielectric, ferrite and/or pseudochiral cylinders is investigated using a combination of a modified iterative scattering procedure and the orthogonal expansion method. The addition theorems for vector cylindrical harmonics, which transform harmonics from one coordinate system to another, are presented. The scattered field patterns for open structures and frequency responses of the transmission coefficients in a rectangular waveguide describing the resonances of the posts on the dominant waveguide mode are derived. The validity and accuracy of the method is verified by comparing the numerical results with those given in literature.
INTRODUCTION
Considering the electromagnetic wave scattering from two-dimensional arbitrary obstacles we can observe two areas of active research. The first area concerns open problems -obstacles in free space, where the far scattered field patterns can be investigated [1] [2] [3] [4] [5] [6] , while the second -closed problems -presents the frequency responses of described structure in a rectangular waveguide [7] [8] [9] [10] [11] [12] [13] . For open structures, different techniques e.g. integral equation formulation, partial differential equation, hybrid techniques combining the partial differential equation method with the eigenfunction expansion method have been developed for plane wave and line source excitations [1] [2] [3] [4] . In the last decade, a recursive algorithm has been developed for the scattering by arbitrarily shaped obstacles [5] . Elsherbeni et al. [6] proposed an iterative solution for the scattering by I different parallel circular cylinders. The scattered field from each obstacle has been transferred to infinity by far field approximations.
For closed problems authors distinguished an interior area, which can be matched with other external fields. A lot of methods have been applied to analyze closed structures. Nielsen in [7] used the modal expansion method. Sahalos and Vafiadis [8] presented multifilament current model and for the first time applied circular interaction region instead of rectangular used by Nielsen. The boundary-and finiteelement methods have also been utilized in [9, 10] . Gesche and Löchel applied the orthogonal expansion method for one [11] and two [12] posts positioned in one cross section of a rectangular waveguide. Recently, Valero and Ferrando [13] presented the method, which segments the problem into regions that are characterized by their generalized admittance matrices.
The purpose of this paper is to develop the method, that allows to investigate both open and closed problems. To solve this, it is convenient to separate cylindrical interaction region ξ (see Fig. 1 ), on the surface of which, a total scattered field from all cylinders can be found. Presented approach forced modification of iterative scattering procedure [6] , where excitations in form of plane wave or Gaussian beam were known, but they limited investigations to open structures. The main difference between proposal method and the method in [6] , is that the cylinders are excited by an unknown incident fields defined as an infinite series of Bessel functions of the first kind with an unknown coefficients a n . These unknown coefficients a n determine a total scattered field from all cylinders on a contour R. It allows to match it with other known incident fields and consequently to define scattering matrix of considering structure. In this case, presented approach allows to solve both scattering and waveguide problems. Proposed method has been developed to analyze scattering by conducting, lossy dielectric, ferrite and/or pseudochiral cylinders and can be applied to research a waveguide structures where incident fields are the TE n0 modes and open structures, to define scattered field patterns at any distance from investigating configurations of cylinders for E z -wave excitation.
BASIC FORMULATION

Interaction Region
Consider harmonic E z -wave excitation in global coordinates as infinite series of Bessel functions of the first kind with unknown coefficients a n , where the electric field has a z component only with all vectors independent of z of the cylindrical coordinates (ρ, φ, z).
where k 0 is the wave number in free space. Now it is assumed that field (1) excites number of I homogeneous, conducting, lossy dielectric, ferrite or pseudochiral cylinders (see Fig. 1 ) and has to be defined in their local coordinates. For the i th cylinder using an addition theorem for Bessel functions [14] one has
where d io , φ io are defined in Fig. 2 .
Contour R Figure 2 . Notation used for a change of coordinate system for Bessel functions.
In response to our excitation, a zero order scattered field is created from each of I cylinders by forcing the tangential components of both the electric and magnetic fields, on the surface of each cylinder, to be continuous.
where r i is the radius of the i th cylinder. The scattered electric field component for the i th cylinder can be expressed as
while transmitted field component inside the i th cylinder is given by (6) where c 0 in and b 0 in are the unknown coefficients,
n (k 0 ρ i ) denotes Bessel and Hankel functions respectively. Applying (2) into (3) and (4), orthogonalizing by e −jmφ i and taking into account n = N and m = M harmonics the solution is obtained from the point of view of the unknown coefficients c 0 in of the i th cylinder. [c
where the forms of matrix [G i ], H φ and k i for dielectric, ferrite and pseudochiral cylinder are given in Appendix. Transformation of Bessel functions from global coordinates to the local coordinates of the i th cylinder is expressed by matrix:
and m, n are rows and columns indexes respectively, while [a] defines a vector
In the next interaction, we use scattered fields from I-1 cylinders obtained in the previous interaction, as a new incident field on the i th remaining cylinder. (10) To transfer the scattered fields from I-1 cylinders to the local coordinate of the i th cylinder the Graf's addition theorem for Bessel functions is used [14] .
In response to our new excitation, the first order (p = 1) scattered and transmitted field is created from each of I cylinders like in (5) and (6) but with new unknown coefficients c 1 in and b 1 in . Using (3) and (4) with the first order fields the following solution is obtained. This approach gives us a next order scattered field and repeated for each individual cylinder leads us to an iterative scattering procedure where the coefficients of the p th interaction depend only on the coefficients of the (p − 1) th interaction.
[
where 
Iterative procedure gives us the scattered field from the i th cylinder in its local coordinates as follows
where
and P is the number of interactions. Using transformation (11) for d ij < ρ o the scattered field from each cylinder is transferred to global coordinate system. Therefore the scattered electric field from the i th cylinder on the surface of the interaction region (see Fig. 2 ) is given as
and m, n are rows and columns indexes respectively. Writing (16) for electric and magnetic field for each of I cylinders the following matrix equations is obtained:
are square sub-matrices. The total scattered electric and magnetic field from all cylinders, can be easy obtained from
Now the total field on the surface of the interaction region can be defined as
] are diagonal matrices based on (1). To eliminate unknown coefficients (9), a relation between electric and magnetic field on the surface of the interaction region is defined:
Hence, the matrix [Z] is given as
The formulation of the problem in form of [Z] allows to consider both open and waveguide problems assuming the proper excitations.
Open Structures
For open problems it is appear to be interesting to describe a total scattered field at any distance ρ from investigating configurations of cylinders. As a source of excitation I plane waves from any φ direction (25) are considered. One can assume an excitation, which is located along the negative x-axis at a contour R and can be shifted by an angle θ oi (e.g., see Fig. 6 ). Total incident and scattered field on our interaction region is defined as
The corresponding magnetic field along φ direction can be established from
Orthogonalizing the sets of eigenmode functions of the incident and scattered field (25)- (26) on the surface of cylindrical interaction region ξ using eigenfunctions e −jmφ of the field in interaction region and taking into account n = N harmonics the following matrix equations are obtained
where the n th element of vector (28) and assuming known amplitudes E oi the scattering coefficients r n can be investigated.
Finally, the total scattered field at any distance ρ from interaction region can be obtained from (26). Moreover, the solution for H z -plane incident wave can be obtained by using the duality principle [15] .
Waveguide Structures
It seems to be interesting to apply the solution (24) in order to combine an equivalent scattered field from cylinders described on the surface of a separated interaction region ξ (contour R) with incident fields from each waveguide's port. Consider field components of TE n0 modes in waveguide port i in its local Cartesian coordinate system (x i , y i , z) as follows
. . , K and K denotes number of waveguide ports while magnetic fields can be obtained from
z . The field components in each port i are rewritten in basic coordinate system (x, y, z) using the following transformation
and φ i represents rotation angle between coordinate systems (x, y, z) and (x i , y i , z) (see Fig. 3 ).
Contour R Figure 3 . Schematic representation of the investigating structure.
To define the scattering matrix of our investigating structure the continuity conditions between tangential electric and magnetic fields on contour R and fields from waveguide ports described in equation (30) and written in cylindrical coordinates (32) must be satisfied
Orthogonalizing the sets of eigenmode functions of the field in each waveguide port using eigenfunctions e −jmφ of the field in cylindrical interaction region one has
by N i and its elements have the form
where ∆φ i = arc sin(a i /2R). In order to obtain quadratic matrices in (33) the number of eigenfunctions in all waveguide ports should equal K(2M +1) where M is the number of eigenfunctions in the cylindrical interaction region and K is the number of ports. As a result, the numbers of eigenfunctions in one of the port should have one more eigenfunction.
Relation between tangential electric and magnetic field of interaction region defined on the contour R (see Fig. 3 ) can be written as
where the matrix [Z] is given in (24). Finally, introducing the relation (33) into (36) the modal scattering matrix of the circuit is obtained.
ESTIMATION OF NUMERICAL ERRORS
In general the number of eigenfunctions and interactions between cylinders should be infinity. For numerical investigation, infinite set of equations, written in matrix form, must be proper truncated. This operation provides to numerical errors which quantities should be estimated both for open and closed structures.
Open Structures
Plane wave excitation is represented by an infinite sum of cylindrical wave functions as follows
Here, the infinite sum has to be truncated to n = N . The choice of the number of harmonics N strongly depends on R. Table 1 shows percentage error for the convergence of plane wave described as sum of cylindrical wave functions for R = 1λ, R = 2λ, R = 3λ evaluated with the following criterion
(39) where φ k represents the angle for which the plane wave electric field is obtained, φ k = 2πk/K and K is the number of points at the contour R where the field is defined. As shown in Table 1 , if the radius R of the region ξ is increased, the more harmonic functions are needed to describe excitation with required error δ. From numerical results, it has been observed that further increasing of the value K (K > 360 gives angle increment less than 1 • ) does not change the value of error.
Having established the number of harmonics, it is necessary to obtain the proper number of interactions between cylinders. The root mean square value of the difference between magnitudes of the total scattered tangential field component E s z at the distance ρ (see 26) should not exceed 0.1% for P and P − 1 interaction. Hence, it is assumed that, in mathematical form, the percentage error can be described as follows
where φ k represents the angle for which the scattered electric field is calculated and φ k = 2πk/K and K is the number of points where the field is defined. The smallest φ k is, the more accurate representation of the error can be established. Table 2 shows comparison of percentage error δ s for configuration of cylinders from Fig. 4 for different numbers of points K and different numbers of interactions between cylinders P . For presented configuration one can use P = 16 and K = 720 to obtain scattered field with an error less than 0.1%. It is important to point out that the choice of P strongly depends on the posts configuration. Table 3 presents comparison of percentage error δ s and the computation times (MATLAB, 800 MHz Pentium III PC) for configurations of cylinders from Figs. 6a, 6b, 7a and 7b for different numbers of interactions P between cylinders. Significant difference can be observed for these two configurations and different angles of excitations. For Fig. 6b one need about 30 interactions between cylinders to obtain error on the level less than 0.1% while for the same level of error, configuration from Fig. 7b , needs about 13 interactions.
Taking into account a lot of numerical investigations, it can be assumed that K = 720 and P > 30 protects in most of configurations δ s < 0.1%. 
Waveguide Structures
To evaluate the accuracy of the scattering coefficients of TE 10 -mode for waveguide structure and select the proper number of harmonics N 1 , the following error criterions are used. Table 4 shows the comparison of percentage errors δ S11 , δ S21 and ∆ for configurations of lossless cylinders from Fig. 11 for different numbers of harmonics N 1 and interactions P . The proper number of harmonics N 1 can be chosen, by controlling the values of errors δ S11 , δ S21 at the required level. It is important to notice that error δ S21 significantly increases near resonant frequencies, which is due to changes at the low level of signal. The error ∆ helps to evaluate the sufficient number of interactions between cylinders P . For small values of P (P < 10) it is seen that energetic condition (|S11| 2 + |S21| 2 = 1) is not satisfied despite the lossless structure. From the physical interpretation of scattering phenomena one can suppose that when the numbers of interactions P is not sufficient then the part of energy has been stored inside the region ξ. With increasing the number δ of interactions the energy becomes lower because it is passed to the scattered field. For lossy structures the condition |S11| 2 + |S21| 2 < 1 so the value of ∆ will be stabilized at the level ∆ > 0 (e.g., for Fig. 11 , ∆ = 0.22%). In presented examples f c denotes cutoff frequency of the TE 10 mode for rectangular waveguide. From Table 5 one can notice that for N 1 = 13 it is possible to obtain the resonant frequency with the error δ fr2 = 0.043% which gives 50 MHz difference in relative to f r2 (N 1 = 16) .
Taking into account a lot of numerical investigations, the following number of eigenfunctions: interaction region: M = 13, waveguide regions: N 1 = 13, N 2 = 14 is sufficient to obtain δ S21 < 1% for signal |S21| ≥ −10 dB. Numerical investigations also proved that the sufficient number of P changes for different configurations and numbers of cylinders. Hence, the number of P should be chosen individually in dependence on configuration of the considered junction. 
NUMERICAL RESULTS AND DISCUSSION
Open Structures
A few known examples have been chosen from the literature to test the validity of the method. Fig. 4 shows scattering by a linear array of five metallic cylinders of equal radii (r = 0.1λ) along y-axis in near area ρ = 3λ and at a distance ρ = 50λ where λ is the length of the wave in free space. The separation distance between the centers of the cylinders is 0.75λ. For the distance ρ = 50λ results agree very well with those obtained by Elsherbeni et al. [6] . Fig. 5 presents comparison of scattered field from dielectric cylinders described in Fig. 6 and calculated for different distance ρ from the origin. One can observe that for ρ > 15λ the pattern of the scattered field has been stabilized. Numerical investigation allowed to assume that the distance ρ > 50λ can be treated in this case as far zone.
The following problem where dielectric posts (ε r = 5) are excited by E z -plane wave from different angle of excitation has been described in Figs. 6 and 7 . The radius of the center post is 0.15λ while the radii of the rest posts equal 0.1 and are at a distance of 1.5λ from the origin. The radius of interaction region is R = 2λ. The second structure has been obtained by removing the center post. Comparing Figs. 6 and 7 it is noticeable that presence of the center post strongly indicates the direction of the incident wave. 8 shows calculated far field (ρ = 100λ) patterns for one cylinder. The radius of cylinder (r = 2.6 mm) is similar to radii of cylinders used in ferrite circulators for X band. Scattering properties of dielectric (Fig. 8a ) and ferrite post (Fig. 8b and 8c) have been compared. For dielectric cylinder symmetric characteristic is observed with respect of plane of excitation. When dielectric is replaced by magnetized ferrite post, squinting characteristic from the direction of excitation is noticed. Squinting effect makes the structure to concentrate energy along ±48 • direction for opposite magnetization. 
from linear array of five ferrite cylinders of equal radii (r = 4.8 mm) along y-axis at a distance ρ = 100λ (see configuration in Fig. 4) . The separation distance between the centers of the cylinders is 1.35λ. Similar squinting properties like in Fig. 8 are observed, but the main beam narrows significantly. This effect strongly depends on the distance between cylinders.
It seems to be interesting to notice that different phenomena decide about squinting properties of examined structures. In the case of one ferrite cylinder µ eff > 0 and resonance effect occurs in post. For configuration of five ferrite cylinders µ eff < 0 and we can suppose that squinting properties depends on field displacement effect.
Numerical experiments have also been carried out for pseudochiral cylinder. Considering Fig. 10 one can observe that the level of side lobes of the pseudochiral cylinder characteristic (Fig. 10b) in comparison with the one of dielectric cylinder (Fig. 10a) decreases significantly. 
Waveguide Structures
Scattering parameters are compared with results obtained by Gesche and Löchel [12] (see Fig. 11 ) and practically no difference can be observed. Other configurations of posts from [9] and [13] have also been tested and results give very good agreement. Fig. 12 shows frequency responses for two configurations of three posts located in a rectangular waveguide. The first configuration is presented in Fig. 12 while second one has been obtained after rotation all the structure by an angle φ O = 45 • . With rotation the tuning of the resonance frequencies is observed. Numerical experiments have also been carried out for 4-port waveguide junction containing two ferrite cylinders inserted in bidirectional magnetic field along z axis (see Fig. 13 ). In addition, posts have been placed in dielectric (ε r = 4.8) and this structure represents interaction region ξ in investigated junction. The purpose of this procedure was reduction of the reflection coefficients. Considering the first configuration (Fig. 13a) , transmission from port 1 to port 2 is observed. When directions of magnetized fields are reversed, input signal from port 1 is divided equally between ports 3 and 4 ( Fig. 13b) and slightly signal appears in port 2.
The transmission frequency characteristics of a rectangular waveguides with two-layered dielectric and pseudochiral cylinder are respectively presented in Figs. 14a and 14b . It is evident that the pseudochirality effect had the influence on the shift of resonance frequency.
Finally, it is worth mentioning that presented method is fast and easy to implement on personal computer. For open problems execution time in MATLAB on an 800 MHz Pentium III PC for one cylinder was about 1 s (M = 13) and 5 s (M = 19) for five cylinders. For closed problems numerical aspects of S matrix computations are collected in Table 6 , which shows the number of eigenfunctions in the cylindrical interaction region and the computation times in MATLAB on an 800 MHz Pentium III PC for one, two and three cylinders in 2-port waveguide junction (dielectric posts) and 4-port waveguide junction (ferrite posts).
CONCLUSION
The analysis for E z -wave scattering by an array of conducting, lossy dielectric, ferrite and/or psudochiral cylinders has been developed using a combination of modified iterative scattering procedure and the orthogonal expansion method. This approach is convenient for investigations of the open and waveguide problems. Presented method is fast, accurate and allows to simulate different structures, which can be interesting in microwave design. The validity and accuracy of the method has been verified by comparing the numerical results with those given in literature. The analysis given above allowed to investigate number of novel structures. For open structures, interesting effects of changing characteristics have been noticed for different configurations of dielectric cylinders. For ferrite posts squinting characteristic from the direction of excitation has been shown. One pseudochiral cylinder has been analysed and the reduction of the level of side lobes has been observed in comparison to the dielectric one. Presented approach is convenient to describe a total scattered field at any distance from investigating configurations of cylinders.
The usefulness of the presented approach have been performed by investigation of the waveguide structures. The tuning of the resonance frequencies has been observed with the rotation of the cylinders configuration located in rectangular waveguide. Waveguide 4-port junction containing two ferrite cylinders inserted in bi-directional magnetic field has been investigated showing its switching properties. 
